Abstract. The weighted power mean of two positive variables is strictly totally positive (STP) if its order t satisfies -∞ < t < 0 and its reciprocal is STP if 0 < t < ∞. The reciprocals of the logarithmic mean, Gauss's arithmetic-geometric mean, and the Schwab-Borchardt mean are STP. The hypergeometric R-function R-α (β, β′ ; x, y), x, y > 0, which is equivalent to 2F1 with argument 1 -x ⁄ y, is STP if α, β, β′, and β + β′ -α are positive. With weaker restrictions this function is represented in a new way as a convolution. Higher order positivity is discussed for some other hypergeometric functions, including incomplete elliptic integrals.
Introduction.
A real-valued function f (x, y) of two real variables is said to be strictly totally positive (STP) on its domain of definition if every n × n determinant with elements f (x i , y j ), where x 1 < x 2 < … < x n and y 1 < y 2 < … < y n , is strictly positive for every n = 1, 2, … . If the determinants are strictly positive for n = 1, 2, … , r, then f is said to be strictly positive of order r (SP r ). The principal reference for the subject is Karlin [6] , who writes STP r in place of SP r and sometimes STP ∞ for STP. Many applications to statistics, mechanics, and differential equations arise from the circumstance that a totally positive function is the kernel of a variation-diminishing transform.
We refer to [6] or [7, Chap. 18 ] for more precise statements and proofs of several basic facts: To these four rules we add two more: 
The proof is completed by using (1.1) and (1.4).
Power means.
The weighted power mean [4, p. 13] of order t is defined by
where x, y > 0 and 0 < w < 1.
Proof. It follows from (1.6) and (1.2) that [wx′ + (1-w) y′] -a is STP if a > 0 and t ≠ 0. Assuming 0 < t < ∞ and putting a = 1 ⁄ t, we conclude that 1 ⁄ M t (x, y) is STP. If -∞ < t < 0 we put a = -1 ⁄ t.
Note that the geometric mean, M 0 (x, y) = 3. Iterative means. If x, y > 0 let x 0 = x and y 0 = y and consider three separate iterative processes in which x n and y n approach a common limit as n → ∞:
Here L is the logarithmic mean, M is Gauss's arithmetic-geometric mean, and S is the Schwab-Borchardt mean 1 . The reciprocal of each has an integral representation [1] :
It follows from (1.4) and (1.6) that R -α (β, β′; x, y) is STP for x, y > 0 provided β, β′ > 0 and 0 < α < β + β′. Use of (1.2) completes the proof of the following theorem:
The means M and S are the best-known members of a family of twelve iterative means L i j (x, y) constructed by letting
For each of the twelve choices of i and j, i ≠ j, the common limit of x n and y n as n → ∞ is L i j (x, y). For example, the Schwab-Borchardt mean S is L 14 . In each case a suitable negative power (-1 ⁄ 2 or -1 or -2) of L i j (see [1] ) is an R-function (3.7) with α, β, β′ such that it is STP. The mean L also is essentially a member of this family, as one sees by replacing each variable in (3.1) by its square.
Hypergeometric functions.
The R-function (3.7) is a homogeneous variant of Gauss's hypergeometric function [2, §5.9]:
If b is a k-tuple of real numbers and x is a k-tuple of positive numbers, an extension of (3.7) to several variables is [2, (6.
The R-function has other representations that define it when a and a′ are not positive. ⁄2; x i , y j ) has the value -1.7 × 10 -20 . More generally a complicated algebraic expression for the 3 × 3 determinant with elements 1 ⁄ R 2 (β, β′; x i , y j ) shows that the determinant will be negative for fixed positive β < 1 if x 3 ⁄ y 1 (or y 3 ⁄ x 1 ) is sufficiently small.
We conclude that if t > 0 or t < -β -β′, then 1 ⁄ R t is sometimes STP and sometimes not even SP 3 but always SP 2 if β, β′ > 0. Some further examples in which it is or is not STP will be discussed in the next section by using the properties of Pólya frequency functions.
Since the weighted power mean (2.1) of order t is the limit as c → 0+ of the hypergeometric mean [R t (cw, c -cw; x, y)] 1 ⁄ t , it is natural to ask whether the reciprocal of the latter is STP if c > 0 and t > -c. In general it is not. For instance, if (x 1 , x 2 , x 3 ) = (1, 2, 3) and (y 1 , y 2 , y 3 ) = (100, 200, 300), the 3 × 3 determinant with elements 1 ⁄ R 2 ( 
where C > 0, the a i and δ are real, Σa i 2 converges, and Σ|a i | diverges. Conversely, f is not SPF unless the reciprocal of its bilateral Laplace transform is entire.
For example, if β, β′ > 0, -α < Re s < α, and α -2β < Re s < 2β -α, then
as one finds by taking e -x as a new integration variable to obtain a Mellin transform, substituting (3.7), and changing the order of integration. The representation of Γ by an infinite product shows that (5.3) has the form (5.2). This was expected, since the conditions of validity imply 0 < α < β + β′.
Since the product of the Laplace transforms of two functions is the transform of their convolution, (5.3) suggests a new way of writing the hypergeometric function (4.1) as a convolution:
where |Im x| < " ⁄ 2, Re β > 0, and Re β′ > 0. These conditions of validity can be verified by putting e 2t = (1 -u) ⁄ u to obtain Euler's representation. Equation (5.4) is particularly attractive if β and β′ are equal, as they are for Legendre and Gegenbauer functions [2, §6.8].
We can now investigate further the higher order positivity of 1 ⁄ R t , t > 0. For example, 
where -t < Re s < t and t ≠ 1, 2, 3, … . Since this has the form (5.2), the condition The numerical example in §4 shows that it is not always in SP 3 .
Other interesting examples of sign regularity properties of hypergeometric functions are contained in [10] .
